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GRU¨SS’ TYPE INEQUALITIES FOR FUNCTIONS OF
SELFADJOINT OPERATORS IN HILBERT SPACES
S.S. DRAGOMIR
Abstract. Some inequalities of Gru¨ss’ type for functions of selfadjoint oper-
ators in Hilbert spaces, under suitable assumptions for the involved operators,
are given.
1. Introduction
In 1935, G. Gru¨ss [19] proved the following integral inequality which gives an
approximation of the integral of the product in terms of the product of the integrals
as follows: ∣∣∣∣∣ 1b− a
∫ b
a












(Φ− φ) (Γ− γ) ,
where f , g : [a, b]→ R are integrable on [a, b] and satisfy the condition
(1.2) φ ≤ f (x) ≤ Φ, γ ≤ g (x) ≤ Γ
for each x ∈ [a, b] , where φ,Φ, γ,Γ are given real constants.
Moreover, the constant 14 is sharp in the sense that it cannot be replaced by a
smaller one.
In 1950, M. Biernacki, H. Pidek and C. Ryll-Nardjewski [22, Chapter X] estab-
lished the following discrete version of Gru¨ss’ inequality:
Let a = (a1, ..., an) , b = (b1, ..., bn) be two n−tuples of real numbers such that





















(R− r) (S − s) ,
where [x] denotes the integer part of x, x ∈ R.
For a simple proof of (1.1) as well as for some other integral inequalities of Gru¨ss
type, see Chapter X of the recent book [22]. For other related results see the papers
[1]-[3], [4]-[6], [7]-[9], [10]-[16], [18], [25], [27] and the references therein.
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Let A be a selfadjoint linear operator on a complex Hilbert space (H; 〈., .〉) .
The Gelfand map establishes a ∗-isometrically isomorphism Φ between the set
C (Sp (A)) of all continuous functions defined on the spectrum ofA, denoted Sp (A) ,
an the C∗-algebra C∗ (A) generated by A and the identity operator 1H on H as
follows (see for instance [20, p. 3]):
For any f, g ∈ C (Sp (A)) and any α, β ∈ C we have
(i) Φ (αf + βg) = αΦ (f) + βΦ (g) ;





(iii) ‖Φ (f)‖ = ‖f‖ := supt∈Sp(A) |f (t)| ;
(iv) Φ (f0) = 1H and Φ (f1) = A, where f0 (t) = 1 and f1 (t) = t, for t ∈ Sp (A) .
With this notation we define
f (A) := Φ (f) for all f ∈ C (Sp (A))
and we call it the continuous functional calculus for a selfadjoint operator A.
If A is a selfadjoint operator and f is a real valued continuous function on Sp (A),
then f (t) ≥ 0 for any t ∈ Sp (A) implies that f (A) ≥ 0, i.e. f (A) is a positive
operator on H. Moreover, if both f and g are real valued functions on Sp (A) then
the following important property holds:
(P) f (t) ≥ g (t) for any t ∈ Sp (A) implies that f (A) ≥ g (A)
in the operator order of B (H) .
For a recent monograph devoted to various inequalities for functions of selfadjoint
operators, see [20] and the references therein. For other results, see [24], [21] and
[26].
The following operator version of the Gru¨ss inequality was obtained by Mond &
Pecˇaric´ in [23]:
Theorem 1 (Mond-Pecˇaric´, 1993, [23]). Let Cj , j ∈ {1, ..., n} be selfadjoint op-
erators on the Hilbert space (H, 〈., .〉) and such that mj · 1H ≤ Cj ≤ Mj · 1H
for j ∈ {1, ..., n} , where 1H is the identity operator on H. Further, let gj , hj :
[mj ,Mj]→ R, j ∈ {1, ..., n} be functions such that
(2.1) ϕ · 1H ≤ gj (Cj) ≤ Φ · 1H and γ · 1H ≤ hj (Cj) ≤ Γ · 1H
for each j ∈ {1, ..., n} .
If xj ∈ H, j ∈ {1, ..., n} are such that
∑n





〈gj (Cj)hj (Cj)xj , xj〉 −
n∑
j=1
〈gj (Cj)xj , xj〉 ·
n∑
j=1




(Φ− ϕ) (Γ− γ) .
If Cj , j ∈ {1, ..., n} are selfadjoint operators such that Sp (Cj) ⊆ [m,M ] for
j ∈ {1, ..., n} and for some scalars m < M and if g, h : [m,M ] −→ R are continuous
then by the Mond-Pecˇaric´ inequality we deduce the following version of the Gru¨ss






〈g (Cj)h (Cj)xj , xj〉 −
n∑
j=1
〈g (Cj)xj , xj〉 ·
n∑
j=1




(Φ− ϕ) (Γ− γ) ,
where xj ∈ H, j ∈ {1, ..., n} are such that
∑n
j=1 ‖xj‖2 = 1 and ϕ = mint∈[m,M ] g (t) ,
Φ = maxt∈[m,M ] g (t) , γ = mint∈[m,M ] h (t) and Γ = maxt∈[m,M ] h (t) .
In particular, if the selfadjoint operator C satisfy the condition Sp (C) ⊆ [m,M ]
for some scalars m < M , then
(2.4) |〈g (C)h (C)x, x〉 − 〈g (C)x, x〉 · 〈h (C)x, x〉| ≤ 1
4
(Φ− ϕ) (Γ− γ) ,
for any x ∈ H with ‖x‖ = 1.
We say that the functions f, g : [a, b] −→ R are synchronous (asynchronous) on
the interval [a, b] if they satisfy the following condition:
(f (t)− f (s)) (g (t)− g (s)) ≥ (≤) 0 for each t, s ∈ [a, b] .
It is obvious that, if f, g are monotonic and have the same monotonicity on
the interval [a, b] , then they are synchronous on [a, b] while if they have opposite
monotonicity, they are asynchronous.
In the recent paper [17] the following Cˇebysˇev type inequality for operators has
been obtained:
Theorem 2 (Dragomir, 2008, [17]). Let A be a selfadjoint operator on the Hilbert
space (H, 〈., .〉) with the spectrum Sp (A) ⊆ [m,M ] for some real numbers m < M.
If f, g : [m,M ] −→ R are continuous and synchronous (asynchronous) on [m,M ] ,
then
(2.5) 〈f (A) g (A)x, x〉 ≥ (≤) 〈f (A)x, x〉 · 〈g (A)x, x〉
for any x ∈ H with ‖x‖ = 1.
This can be generalised for n operators as follows:
Theorem 3 (Dragomir, 2008, [17]). Let Aj be selfadjoint operators with Sp (Aj) ⊆
[m,M ] for j ∈ {1, ..., n} and for some scalars m < M. If f, g : [m,M ] −→ R are




〈f (Aj) g (Aj)xj , xj〉 ≥ (≤)
n∑
j=1
〈f (Aj)xj , xj〉 ·
n∑
j=1
〈g (Aj)xj , xj〉 ,
for each xj ∈ H, j ∈ {1, ..., n} with
∑n
j=1 ‖xj‖2 = 1.
Another version for n operators is incorporated in:
Theorem 4 (Dragomir, 2008, [17]). Let Aj be selfadjoint operators with Sp (Aj) ⊆
[m,M ] for j ∈ {1, ..., n} and for some scalars m < M. If f, g : [m,M ] −→ R are




















for any pj ≥ 0, j ∈ {1, ..., n} with
∑n
j=1 pj = 1 and x ∈ H with ‖x‖ = 1.
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Motivated by the above results we investigate in this paper other Gru¨ss’ type
inequalities for selfadjoint operators in Hilbert spaces. Some of the obtained results
improve the inequalities (2.3) and (2.4) derived from the Mond-Pecˇaric´ inequality.
Others provide different operator versions for the celebrated Gru¨ss’ inequality men-
tioned above. Examples for power functions and the logarithmic function are given
as well.
3. An Inequality of Gru¨ss’ Type for One Operator
The following result may be stated:
Theorem 5. Let A be a selfadjoint operator on the Hilbert space (H; 〈., .〉) and
assume that Sp (A) ⊆ [m,M ] for some scalars m < M. If f and g are continuous
on [m,M ] and γ := mint∈[m,M ] f (t) and Γ := maxt∈[m,M ] f (t) then
(3.1) |〈f (A) g (A) y, y〉 − 〈f (A) y, y〉 · 〈g (A)x, x〉
−γ + Γ
2






‖g (A) y‖2 + 〈g (A)x, x〉2 − 2 〈g (A)x, x〉 〈g (A) y, y〉
]1/2
for any x, y ∈ H with ‖x‖ = ‖y‖ = 1.
Proof. First of all, observe that, for each λ ∈ R and x, y ∈ H, ‖x‖ = ‖y‖ = 1 we
have the identity
(3.2) 〈(f (A)− λ · 1H) (g (A)− 〈g (A)x, x〉 · 1H) y, y〉
= 〈f (A) g (A) y, y〉 − λ · [〈g (A) y, y〉 − 〈g (A)x, x〉]− 〈g (A)x, x〉 〈f (A) y, y〉 .
Taking the modulus in (3.2) we have
|〈f (A) g (A) y, y〉 − λ · [〈g (A) y, y〉 − 〈g (A)x, x〉](3.3)
−〈g (A)x, x〉 〈f (A) y, y〉|
= |〈(g (A)− 〈g (A)x, x〉 · 1H) y, (f (A)− λ · 1H) y〉|
≤ ‖g (A) y − 〈g (A)x, x〉 y‖ ‖f (A) y − λy‖
=
[
‖g (A) y‖2 + 〈g (A)x, x〉2 − 2 〈g (A)x, x〉 〈g (A) y, y〉
]1/2
× ‖f (A) y − λy‖
≤
[
‖g (A) y‖2 + 〈g (A)x, x〉2 − 2 〈g (A)x, x〉 〈g (A) y, y〉
]1/2
× ‖f (A)− λ · 1H‖
for any x, y ∈ H, ‖x‖ = ‖y‖ = 1.
Now, since γ = mint∈[m,M ] f (t) and Γ = maxt∈[m,M ] f (t) , then by the property
(P) we have that γ ≤ 〈f (A) y, y〉 ≤ Γ for each y ∈ H with ‖y‖ = 1 which is clearly
equivalent with ∣∣∣∣〈f (A) y, y〉 − γ + Γ2 ‖y‖2
∣∣∣∣ ≤ 12 (Γ− γ)
or with ∣∣∣∣〈(f (A)− γ + Γ2 1H
)
y, y
〉∣∣∣∣ ≤ 12 (Γ− γ)
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for each y ∈ H with ‖y‖ = 1.
Taking the supremum in this inequality we get∥∥∥∥f (A)− γ + Γ2 · 1H
∥∥∥∥ ≤ 12 (Γ− γ) ,
which together with the inequality (3.3) applied for λ = γ+Γ2 produces the desired
result (3.1).
As a particular case of interest we can derive from the above theorem the fol-
lowing result of Gru¨ss’ type that improves (2.4):
Corollary 1. With the assumptions in Theorem 5 we have









(Γ− γ) (∆− δ)
)
for each x ∈ H with ‖x‖ = 1, where δ := mint∈[m,M ] g (t) and ∆ := maxt∈[m,M ] g (t) .
Proof. The first inequality follows from (3.1) by putting y = x.
Now, if we write the first inequality in (3.4) for f = g we get





‖g (A)x‖2 − 〈g (A)x, x〉2
]1/2
which implies that [





for each x ∈ H with ‖x‖ = 1.
This together with the first part of (3.4) proves the desired bound.
The following particular cases that hold for power function are of interest:
Example 1. Let A be a selfadjoint operator with Sp (A) ⊆ [m,M ] for some scalars
m < M.
If A is positive (m ≥ 0) and p, q > 0, then









· (Mp −mp) (Mq −mq)
]
for each x ∈ H with ‖x‖ = 1.
If A is positive definite (m > 0) and p, q < 0, then

















for each x ∈ H with ‖x‖ = 1.
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If A is positive definite (m > 0) and p < 0, q > 0 then
















for each x ∈ H with ‖x‖ = 1.
If A is positive definite (m > 0) and p > 0, q < 0 then













for each x ∈ H with ‖x‖ = 1.
We notice that the positivity of the quantities in the left hand side of the above
inequalities (3.5)-(3.8) follows from the Theorem 2.
The following particular cases when one function is a power while the second is
the logarithm are of interest as well:
Example 2. Let A be a positive definite operator with Sp (A) ⊆ [m,M ] for some
scalars 0 < m < M.
If p > 0 then




2 · (Mp −mp)
[

















for each x ∈ H with ‖x‖ = 1.
If p < 0 then




























for each x ∈ H with ‖x‖ = 1.
4. An Inequality of Gru¨ss’ Type for n Operators
The following multiple operator version of Theorem 5 holds:
Theorem 6. Let Aj be selfadjoint operators with Sp (Aj) ⊆ [m,M ] for j ∈
{1, ..., n} and for some scalars m < M. If f, g : [m,M ] −→ R are continuous
GRU¨SS’ TYPE INEQUALITIES 7





〈f (Aj) g (Aj) yj , yj〉 −
n∑
j=1
〈f (Aj) yj , yj〉 ·
n∑
j=1





〈g (Aj) yj , yj〉 −
n∑
j=1








‖g (Aj) yj‖2 +
 n∑
j=1
〈g (Aj)xj , xj〉
2 − 2 n∑
j=1
〈g (Aj)xj , xj〉
n∑
j=1
〈g (Aj) yj , yj〉

1/2




j=1 ‖yj‖2 = 1.
Proof. As in [20, p. 6], if we put
A˜ :=





0 . . . An


































































〈g (Aj) yj , yj〉 ,
and ∥∥∥g (A˜) y˜∥∥∥2 = n∑
j=1











〈g (Aj)xj , xj〉
2 .
Applying Theorem 5 for A˜, x˜ and y˜ we deduce the desired result (4.1).
The following particular case provides a refinement of the Mond- Pecˇaric´ result
from (2.3).





〈f (Aj) g (Aj)xj , xj〉 −
n∑
j=1
〈f (Aj)xj , xj〉 ·
n∑
j=1
















(Γ− γ) (∆− δ)
)
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for each xj ∈ H, j ∈ {1, ..., n} with
∑n
j=1 ‖xj‖2 = 1 where δ := mint∈[m,M ] g (t) and
∆ := maxt∈[m,M ] g (t) .
Example 3. Let Aj , j ∈ {1, ..., n} be a selfadjoint operators with Sp (Aj) ⊆
[m,M ] , j ∈ {1, ..., n} for some scalars m < M.































· (Mp −mp) (Mq −mq)
]
for each xj ∈ H, j ∈ {1, ..., n} with
∑n
j=1 ‖xj‖2 = 1.







































for each xj ∈ H, j ∈ {1, ..., n} with
∑n
j=1 ‖xj‖2 = 1.






































for each xj ∈ H, j ∈ {1, ..., n} with
∑n
j=1 ‖xj‖2 = 1.
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for each xj ∈ H, j ∈ {1, ..., n} with
∑n
j=1 ‖xj‖2 = 1.
We notice that the positivity of the quantities in the left hand side of the above
inequalities (4.3)-(4.6) follows from the Theorem 3.
The following particular cases when one function is a power while the second is
the logarithm are of interest as well:
Example 4. Let Aj be positive definite operators with Sp (Aj) ⊆ [m,M ] , j ∈
{1, ..., n} for some scalars 0 < m < M.




























∥∥Apjxj∥∥2 − (∑nj=1 〈Apjxj , xj〉)2]1/2[
≤ 1
2





for each xj ∈ H, j ∈ {1, ..., n} with
∑n
j=1 ‖xj‖2 = 1.










































for each xj ∈ H, j ∈ {1, ..., n} with
∑n
j=1 ‖xj‖2 = 1.
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5. Another Inequality of Gru¨ss’ Type for n Operators
The following different result for n operators can be stated as well:
Theorem 7. Let Aj be selfadjoint operators with Sp (Aj) ⊆ [m,M ] for j ∈
{1, ..., n} and for some scalars m < M. If f and g are continuous on [m,M ] and
γ := mint∈[m,M ] f (t) and Γ := maxt∈[m,M ] f (t) then for any pj ≥ 0, j ∈ {1, ..., n}
with
∑n






pkf (Ak) g (Ak) y, y
〉













































for each x, y ∈ H with ‖x‖ = ‖y‖ = 1.
Proof. Follows from Theorem 6 on choosing xj =
√
pj ·x, yj = √pj ·y, j ∈ {1, ..., n} ,
where pj ≥ 0, j ∈ {1, ..., n} ,
∑n
j=1 pj = 1 and x, y ∈ H, with ‖x‖ = ‖y‖ = 1. The
details are omitted.
Remark 1. The case n = 1 (therefore p = 1) in (5.1) provides the result from
Theorem 5.
As a particular case of interest we can derive from the above theorem the fol-
lowing result of Gru¨ss’ type:

































· (Γ− γ) (∆− δ)
]
for each x ∈ H with ‖x‖ = 1, where δ := mint∈[m,M ] g (t) and ∆ := maxt∈[m,M ] g (t) .
Proof. It is similar with the proof from Corollary 1 and the details are omitted.
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The following particular cases that hold for power function are of interest:
Example 5. Let Aj , j ∈ {1, ..., n} be a selfadjoint operators with Sp (Aj) ⊆
[m,M ] , j ∈ {1, ..., n} for some scalars m < M and pj ≥ 0, j ∈ {1, ..., n} with∑n
j=1 pj = 1.









































· (Mp −mp) (Mq −mq)
]
for each x ∈ H with ‖x‖ = 1.

















































for each x ∈ H with ‖x‖ = 1.
















































for each x ∈ H with ‖x‖ = 1.
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for each x ∈ H with ‖x‖ = 1.
We notice that the positivity of the quantities in the left hand side of the above
inequalities (5.3)-(5.6) follows from the Theorem 4.
The following particular cases when one function is a power while the second is
the logarithm are of interest as well:
Example 6. Let Aj , j ∈ {1, ..., n} be positive definite operators with Sp (Aj) ⊆
[m,M ] , j ∈ {1, ..., n} for some scalars 0 < m < M and pj ≥ 0, j ∈ {1, ..., n} with∑n
j=1 pj = 1.


























2 · (Mp −mp) ·
[∑n
k=1 pk ‖lnAkx‖2 − 〈
∑n





















for each x ∈ H with ‖x‖ = 1.






























k=1 pk ‖lnAkx‖2 − 〈
∑n
























for each x ∈ H with ‖x‖ = 1.
The following norm inequalities may be stated as well:
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Corollary 4. Let Aj be selfadjoint operators with Sp (Aj) ⊆ [m,M ] for j ∈
{1, ..., n} and for some scalars m < M. If f, g : [m,M ] −→ R are continuous,
then for each pj ≥ 0, j ∈ {1, ..., n} with
∑n
















∥∥∥∥∥∥+ 14 (Γ− γ) (∆− δ) ,
where γ := mint∈[m,M ] f (t), Γ := maxt∈[m,M ] f (t) , δ := mint∈[m,M ] g (t) and ∆ :=
maxt∈[m,M ] g (t) .





















(Γ− γ) (∆− δ)
for each x ∈ H with ‖x‖ = 1. Taking the supremum over ‖x‖ = 1 we deduce the
desired inequality (5.9).
Example 7. a. Let Aj , j ∈ {1, ..., n} be a selfadjoint operators with Sp (Aj) ⊆
[m,M ] , j ∈ {1, ..., n} for some scalars m < M and pj ≥ 0, j ∈ {1, ..., n} with∑n
j=1 pj = 1.






















∥∥∥∥∥+ 14 · (Mp −mp) (Mq −mq) .






















∥∥∥∥∥+ 14 · M−p −m−pM−pm−p M−q −m−qM−qm−q .
b. Let Aj , j ∈ {1, ..., n} be positive definite operators with Sp (Aj) ⊆ [m,M ] , j ∈
{1, ..., n} for some scalars 0 < m < M and pj ≥ 0, j ∈ {1, ..., n} with
∑n
j=1 pj = 1.
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